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HOMOLOGICAL DIMENSIONS OF BANACH SPACES
FE´LIX CABELLO SA´NCHEZ, JESU´S M .F. CASTILLO, AND RICARDO GARCI´A
Abstract. The purpose of this paper is to lay the foundations for the study of the
problem of when Extn(X,Y ) = 0 in Banach/quasi-Banach spaces. We provide a num-
ber of examples of couples X,Y so that Extn(X,Y ) is (or is not ) 0, including the first
example of a separable Banach space K so that Extn(K,K) 6= 0 for all n ∈ N. Such
space moreover provides the first example of Banach spaces with infinite homological
dimension/codimension. We also show that the homological dimension/codimension
of Hilbert spaces is infinite. The final section is devoted to compare Ext2(·, ·) in
Banach and Quasi-Banach spaces.
1. Introduction
Homology theory in Banach spaces, as it has been developed so far, wheels around
the existence, meaning and relationships between the functors L (linear continuous
operators) and Ext (exact sequences of Banach spaces modulo equivalence). Such
relations are based on two facts:
(1) Ext is the derived functor of L.
(2) There is an object, the long homology sequence, that connects both.
The exposition of Mitchell [33] could serve as a basic introduction to Yoneda Ext-
functors in arbitrary exact categories. The purpose of this paper is to lay the founda-
tions for the study of the Extn functors in the category of Banach and quasi-Banach
spaces and, to some extent, the interplay between both. That purpose sets the gen-
eral tone of the paper: the first definition the reader will encounter is that of n-term
exact sequence and the nth-derived Extn- functor of L (the functor Hom in abstract
categories). We will not dig in this paper on the precise way in which the derivation
of functors works; rather, we will take the long homology sequence as the cornerstone
object that operatively defines derivation. Let us agree that Ext0 = L, Ext1 = Ext and
that further derived functors will be called Extn when n ≥ 2. Given an exact sequence
0→ Y → Z → X → 0 and a Banach space E there are exact sequences
· · · −−−→ Extn−1(Y,E) −−−→ Extn(X,E) −−−→ Extn(Z,E) −−−→ Extn(Y,E) −−−→ · · ·
and
· · · −−−→ Extn−1(E,X) −−−→ Extn(E, Y ) −−−→ Extn(E,Z) −−−→ Extn(E,X) −−−→ · · ·
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The mere exactness of such sequences is enough to obtain significative results; see,
e.g. [4], where only the cases n = 0, 1 were considered. Extk problems in categories
of locally convex spaces were promoted by Palamodov [34, 35] and the unbeatable
reference for their solution, again in the category of locally convex spaces, is the work
of Wengenroth [40, 41]. In this paper we present new results about the vanishing of
Extn in the category of Banach spaces in Section 5. Such results are then applied to
the still incipient study of the homological dimension/codimension of Banach spaces,
for which the main reference is still [42]. The final Section 7 considers the problem
of the difference between the two possible Ext2(X, Y ) spaces for given Banach spaces
X, Y when the ambient category is either Banach or quasi-Banach spaces.
2. The functor Extn in (quasi) Banach spaces
2.1. Exact sequences. An exact sequence in the category B of Banach (resp. Q of
quasi-Banach) spaces is a (finite or infinite) diagram
· · · −−−→ Yi+1 −−−→ Yi −−−→ Yi−1 −−−→ · · ·
with i ∈ N, formed by Banach (resp. quasi-Banach) spaces and linear continuous
operators such that the kernel of each arrow coincides with the image of the preceding.
An n-exact sequence E between Y and X is an exact sequence
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En −−−→ X −−−→ 0 ≡ E
having n terms between Y and X and all the rest 0. We then call n the length of E.
As it is customary, a 1-exact sequence
0 −−−→ Y −−−→ E1 −−−→ X −−−→ 0 ≡ E
will be simply called a short exact sequence. A morphism φ : A −→ B between two
n-exact sequences is a commutative diagram
0 −−−→ Y −−−→ A1 −−−→ · · · −−−→ An −−−→ X −−−→ 0 ≡ A


yφ−


yφ1


y


yφn


yφ+
0 −−−→ Y ′ −−−→ B1 −−−→ · · · −−−→ Bn −−−→ X
′ −−−→ 0 ≡ B
Given two n-exact sequences with the same end spaces Y,X , we will write A −→ B
to denote the existence of a morphism φ : A → B with φ− = idY and φ+ = idX .
Analogously with A←− B.
We introduce an equivalence relation on the set of n-exact sequences with fixed end
spaces Y and X : E ∼ E ′ if and only if there is a finite sequence of elements (Gj)j=1,...,N
so that
E −→ G1 ←− G2 −→ · · · ←− GN −→ E
′.
It can be shown (see [16, 6.40]) that it only takes two n-exact sequences and three
morphisms to establish E ∼ E ′. Indeed, E ∼ E if and only if there are G1, G2 and
morphisms E −→ G1 ←− G2 −→ E
′. We define Extn(X, Y ) to be the set of equivalence
classes of n-exact sequences starting at Y and ending at X . There is a little ambiguity
here since we call ∼ the equivalence relation for n-exact sequences, independently of
n.
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2.2. The vector space structure of Extn(X, Y ). The set Extn(X, Y ) admits a nat-
ural vector space structure. Given an n-exact sequence E and suitable operators α, γ,
αEγ denotes the push-out/pull-back resulting sequence (see the Appendix). It is im-
portant, given a short exact sequence E and operators α, γ to make clear that αEγ is a
short exact sequence and not to confuse αE or Eγ with a 2-exact sequence. The vector
space operations are given by the Baer sum E+E ′ = +(E,E ′)△, where + : Y ⊕Y → Y
is the sum operator and △ : X → X ⊕ X is the diagonal operator; the composition
is plain push-out/pull-back. The meaning of λE is equally clear when λ represents
the scaling operator x → λx. These operations define a vector space structure on
Extn(X, Y ) (see [16, 6.31-32]. The zero element is given by the sequence
0 −−−→ Y Y
0
−−−→ · · ·
0
−−−→ X X −−−→ 0
In the particular case n = 1, the 0 element is the trivial sequence 0 → X →
X ⊕ Z → Z → 0. Since the vector space structure is compatible with the equiva-
lence relation, E ∼ E ′ means that E − E ′ ∼ 0. We will also say that an n-exact
sequence E ∈ Extn(X, Y ) splits if E ∼ 0. It is clear that E splits if only if there is
E ′ ∈Mn(X, Y ) and either morphisms E −→ E ′ ←− 0 or E ←− E ′ −→ 0.
Two elements E ∈ Extn(W,Y ) and F ∈ Extm(X,W ) can be spliced forming the
product sequence
0 // Y // · · · // En //
!!❇
❇❇
❇❇
❇❇
F1 // · · · // X // 0 ≡ EF
W
>>⑤⑤⑤⑤⑤⑤⑤
of Extm+n(X, Y ). It easy to see that if E ∼ E ′ and F ∼ F ′ then EF ∼ E ′F ∼ E ′F ′.
Moreover, given a suitable operator γ one has (γE)F ∼ γEF , E(Fγ) ∼ (EF )γ and
[Eγ)F ∼ E(γF ) (see [16, 6.29-33] or [33, VII], for instance). Thus, there is a bilinear
mapping
Extn(W,Y )× Extm(X,W ) −→ Extn+m(X, Y )
given by (E, F ) 7→ EF . In particular, given E ∈ Extn(X, Y ) we can write E =
GnGn−1...G2G1 as a composition of n short exact sequences
0 // Y
f0
// E1
f1
//
!!❉
❉❉
❉❉
❉❉
❉
E2 // · · · // En−1
fn−1
//
$$❍
❍❍
❍❍
❍❍
❍❍
En
fn
// X // 0
Imf0
==③③③③③③③③
ker fn
<<①①①①①①①①
where Gk is the short exact sequence
0 −−−→ ker fk −−−→ Ek −−−→ Imfk −−−→ 0
taking into account that ker fk = Imfk−1.
By exact mimicry of the case n = 1 one has:
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Lemma 2.1. The lower sequence in a push-out diagram
0 −−−→ Y
i
−−−→ E1 −−−→ E2 −−−→ · · · −−−→ En −−−→ X −−−→ 0
γ


y


y
∥
∥
∥
∥
∥
∥
∥
∥
∥
0 −−−→ X ′ −−−→ PO −−−→ E2 −−−→ · · · −−−→ En −−−→ X −−−→ 0
splits if and only if there is an extension operator Γ : E1 → X
′ such that Γi = γ. The
lower sequence in a pull-back diagram
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En−1 −−−→ En
pi
−−−→ X −−−→ 0
∥
∥
∥
∥
∥
∥
∥
∥
∥
x


x

δ
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En−1 −−−→ PB −−−→ X
′ −−−→ 0
splits if and only if there is a lifting operator ∆ : X ′ → En so that π∆ = δ.
In order to clarify the structure of split n-exact sequences, observe that
Lemma 2.2. If G ∈ Extn(X, Y ) can be written as G ∼ EF with either E ∼ 0 or
F ∼ 0, then G ∼ 0.
The following result is an adaptation of the well-known Schanuel-Lemma ([16, 6.37]
or [33, 4.1]).
Proposition 2.1. Assume E ∈ Extn(W,Y ) and F ∈ Extm(X,W ). TFAE:
(1) EF ∼ 0.
(2) There is a operator φ : W → W ′ and a E ′ ∈ Extn(W ′, Y ) with E ∼ E ′φ and
φF ∼ 0.
(3) There is an operator ψ : W ′ →W and a F ′ ∈ Extm(X,W ′) with F ∼ ψF ′ and
Eψ ∼ 0.
The case n = 2 is especially rewarding: Assume that EF ∈ Ext2(X, Y ) is the 2-exact
sequence
0 −−−→ Y −−−→ Y1
pi1−−−→ I1
i1−−−→ Y0 −−−→ X −−−→ 0 ≡ EF
Then EF ∼ 0 if and only if there is a commutative diagram
(1)
0 0


y


y
Y Y


y


y
0 −−−→ Y1 −−−→  −−−→ X −−−→ 0
pi1


y


y
∥
∥
∥
0 −−−→ I1 −−−→
ı1
Y0 −−−→ X −−−→ 0


y


y
0 0
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A proof can be seen in [6]. For the sake of completeness, we present here a complete
proof:
Proof. If there is a diagram like (1) then there is a commutative diagram
0 −−−→ Y −−−→ Y ⊕ Y1 −−−→ Y1 −−−→  −−−→ X −−−→ 0 ≡ E⊕E
∥
∥
∥


y


ypi1


y
∥
∥
∥
0 −−−→ Y −−−→ Y1 −−−→ I1 −−−→ Y0 −−−→ X −−−→ 0 ≡ EF
where E⊕ is the trivial exact sequence 0 → Y → Y ⊕ Y1 → Y1 → 0 and E denotes
the middle horizontal sequence 0 → Y1 →  → X → 0 in diagram (1). Thus,
EF ∼ E⊕E ∼ 0 since E⊕ ∼ 0 by Lemma 2.1. On the other hand, if there are an
operator ψ : I ′1 → I1 and F
′ ∈ Extk(X, I ′1) so that F ∼ ψF
′ and Eψ ∼ 0 then the
pull-back exact sequence
0 −−−→ Y −−−→ Y1
pik−−−→ I1 −−−→ 0 ≡ E
∥
∥
∥
x

 ψ
x


0 −−−→ Y −−−→ Y ′1 −−−→ I
′
1 −−−→ 0 ≡ Eψ
splits. By Lemma 2.1 there is a lifting operator Ψ : I ′1 → Y1 such that π1Ψ = ψ. Hence
F ∼ ψF ′ ∼ π1ΨF
′.
Form the commutative diagram
0 −−−→ I ′1 −−−→ Y
′
0 −−−→ X −−−→ 0 ≡ F
′
Ψ


y


y
∥
∥
∥
0 −−−→ Y1 −−−→ POΨ −−−→ X −−−→ 0 ≡ ΨF
′
pi1


y


y
∥
∥
∥
0 −−−→ I1 −−−→ POpi1Ψ −−−→ X −−−→ 0 ≡ π1ΨF
′
∥
∥
∥ ⋍
∥
∥
∥
0 −−−→ I1 −−−→ Y0 −−−→ X −−−→ 0 ≡ F = ψF
′
6 FE´LIX CABELLO SA´NCHEZ, JESU´S M .F. CASTILLO, AND RICARDO GARCI´A
Hence, one has the desired diagram
0 0


y


y
Y Y


y


y
0 −−−→ Y1 −−−→ POΨ −−−→ X −−−→ 0
pi1


y


y
∥
∥
∥
0 −−−→ I1 −−−→
ı1
Y0 −−−→ X −−−→ 0


y


y
0 0

3. Reduction degree for Extn
When working in categories with enough projective or injective elements, as it is the
case of Banach spaces, there is a well-known representation of Ext in terms of L in the
form
Ext(X, Y ) = L(κ(X), Y ) = L(X, cκ(Y ))
where 0 → κ(X) → P → X → 0 denotes a projective presentation of X and 0 →
Y → I → cκ(Y ) → 0 denotes an injective presentation of Y . Recall that the choice
of the projective or injective presentation is irrelevant. Thus, if we denote κ(n)(X) =
κ(κ(· · ·κ(X)) · · · ) and analogously with cκ(·) one has
Proposition 3.1.
Extn(X, Y ) = Extn−1(κ(X), Y ) = · · · = Ext1(κ(n−1)(X), Y ) = L(κ(n)(X), Y )
and
Extn(X, Y ) = Extn−1(X, cκ(Y )) = · · · = Ext1(X, cκ(n−1)(Y )) = L(X, cκ(n)(Y ))
The category of quasi-Banach spaces does not contain injective elements (even R
is not injective). Finite dimensional spaces are projective, but they are not enough
to represent all spaces. There is however a way out: by the Aoki-Rolewicz theorem,
every quasi-Banach space is actually a p-Banach space for some 0 < p < 1. And
ℓp(Γ) spaces are projective in the category of p-Banach spaces. There is, however, a
further difficulty: twisted sums of p-Banach spaces are not necessarily p-Banach for
0 < p < 1 (an objection that also concerns Banach spaces), so an exact sequence
0 → Y → Z → X → 0 of quasi-Banach spaces in which X and Y are p-Banach
does not necessarily implies that Z is p-Banach. This means that there are projective
spaces good enough to present spaces but not exact sequences. Again there is a way
out: using Kalton [21], twisted sums of p Banach spaces are, at worst, q-Banach for all
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q < p. So ℓp−ε(Γ) spaces are projective-like spaces good enough to represent p-Banach
spaces and their twisted sums. Thus, the projective part of Proposition 3.1 applies.
We conclude this section with a simple well known result
Corollary 3.1. If Extr(X, ·) = 0 (resp. Extr(·, X) = 0) for some r ≥ 1 then
Extn(X, ·) = 0 (resp. Extn(·, X) = 0) for all n ≥ r.
4. Ext problems on Banach spaces
The case n = 1 of short exact sequences 0 → Y → Z → X → 0 so far considered
in the literature is somewhat singular. The open mapping theorem guarantees that Y
is a subspace of the middle space Z and such that the corresponding quotient Z/Y is
isomorphic to X . The space Z itself is called a twisted sum of Y and X . Any middle
operator in a commutative diagram
0 −−−→ Y −−−→ Z −−−→ X −−−→ 0
∥
∥
∥


y
∥
∥
∥
0 −−−→ Y −−−→ Z1 −−−→ X −−−→ 0
is an isomorphism by the well-known 3-lemma and the open mapping theorem. A short
exact sequence splits if it is equivalent to the trivial sequence 0 → Y → Y ⊕ X →
X → 0, which is the 0 element of Ext1(X, Y ). Given two Banach spaces X and Y we
denote Ext(X, Y ) = Ext1(X, Y ).
Several important Banach/quasi-Banach space problems and characterizations adopt
the form Ext(X, Y ) = 0 or Ext(X, Y ) 6= 0. A Banach space X is said to be:
(1) Injective if and only if Ext(·, X) = 0.
(2) ℵ-Injective [1] if and only if Ext(W,X) = 0 for every space with density charac-
ter strictly lesser than ℵ. When ℵ = ℵ1 this property is referred to as separable
injectivity.
(3) A K-space [?] if and only if Ext(X,K) = 0.
(4) Projective if and only if Ext(X, ·) = 0.
More sophisticated results to be mentioned are:
(1) Lindenstrauss lifting principle [26], which asserts that a Banach space X is an
L1-space if and only if Ext(X,U) = 0 for every Banach space U complemented
in its bidual (usually called an ultrasummand). See also [23, 5].
(2) A Banach space is an L∞-space if and only if Ext(ℓ1(Fn), X) = 0, for every
sequence of finite dimensional Banach spaces (Fn). See [1].
(3) The Sobczyk-Zippin theorem [39, 43] asserts that a separable Banach space X
is isomorphic to c0 if and only if Ext(S,X) = 0 for every separable Banach
space S.
(4) The Johnson-Zippin theorem [19] asserts that Ext(H∗,L∞) = 0 for every sub-
space H of c0 and every L∞-space .
Many 3-space problems (see [10] for general information on 3-space problems) adopt
that form too. In particular, the so called Palais problem: Is Ext(ℓ2, ℓ2) = 0? negatively
solved by Enflo, Lindenstrauss and Pisier [15] and then by Kalton and Peck [22].
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5. Extn problems on Banach spaces
Problems of the type Extn = 0 have scarcely, if ever, been considered in (quasi) Ba-
nach space theory. Accordingly, before entering into more serious matters we establish
the n-versions of most of the previous results:
Theorem 5.1. For each of the following choices of X and Y one has Extn(X, Y ) = 0
for all n ≥ 1.
(1) Y is injective or Y is projective.
(2) X is separable and Y is separably injective. More generally, X has density
character strictly lesser than ℵ and Y is ℵ-injective. In particular, this yields
(3) Sobczyk’s theorem or order n: Extn(X, c0) = 0 for every separable space X.
(4) Lindenstrauss’s lifting principle of order n: when X is an L1-space and
Y is an ultrasummand. In particular, for every measure µ one has
Extn(L1(µ), L1(µ)) = 0.
(5) Johnson-Zippin theorem of order n: Extn(H∗,L∞) = 0 for every subspace H of
c0.
Proof. The first assertion is obvious. The second assertion for n = 2 is immediate after
one realizes (see [8] for an explicit version) that every exact sequence 0 → Y → Z →
X → 0 in which dens X = ℵ can be written as a push-out sequence in a diagram
0 −−−→ Yℵ −−−→ zℵ −−−→ X −−−→ 0


y


y ‖
0 −−−→ Y −−−→ Z −−−→ X −−−→ 0
in which dens Yℵ = ℵ. This means that when X is separable, every element
0 −−−→ Y −−−→ E1 −−−→ E2 −−−→ X −−−→ 0 ≡ E
admits a representation with E1, E2 separable, and therefore is 0 when Y is separably
injective. Iterate the argument to obtain the case n > 2. To prove assertion (4), we
will use Proposition 3.1
Extn(X, Y ) = Ext1(κ(n−1)(X), Y )
A classical result [28] yields that κ(L1) is also an L1-space, and thus Lindenstrauss
lifting principle is enough to conclude. Assertion (5) is also immediate by the injective
form of the reduction Proposition
Extn(X, Y ) = Ext1(X, cκ(n−1)(Y ))
and again a classical result [28] asserting that cκ(L∞) must be an L∞ space. 
The previous results provide a few partial answers to the following general problems:
(1) Characterize the Banach spaces X, Y for which Extn(X, Y ) = 0.
(2) Characterize the Banach spaces X for which Extn(X,X) = 0.
Nevertheless, it would be a mistake to think that order 2 results are a simple gen-
eralization of order 1 results. For instance, while it is true that a Banach space X is
injective if and only if Ext(·, X) = 0, one has:
Proposition 5.1. There exist a Banach space B such that:
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(1) Ext2(S,B) = 0 for every separable space S, but Ext2(·,B) 6= 0.
(2) B is not an L∞-space (and thus B
∗ is not an L1-space).
(3) Extn(B∗, ·) = 0 for all n > 1.
(4) Extn(·,B∗∗) = 0 for all n > 1.
Proof. Bourgain [3] constructs an uncomplemented subspace B of c0 so that c0/B ≃ c0.
Consequently, one has a nontrivial exact sequence 0 → B → c0 → c0 → 0, which
immediately yields Ext2(S,B) = 0: observe the commutative diagram
0 −−−→ B −−−→ PB −−−→ κ(S) −−−→ ℓ1 −−−→ S −−−→ 0
∥
∥
∥


y


y


y
∥
∥
∥
0 −−−→ B −−−→ c0 −−−→ c0 −−−→ PO −−−→ S −−−→ 0
and apply Sobczyk’s theorem. Since every L∞ subspace of c0 is isomorphic to c0 (and
therefore complemented), the space B is not an L∞-space. To prove (3) and (4),
it is sufficient to check the case n = 2 by Corollary 3.1. The dual exact sequence
0 → ℓ1 → ℓ1 → B
∗ → 0 yields Ext2(B∗, ·) = 0 since ℓ1 is projective. The nontrivial
bidual sequence 0→ B∗∗ → ℓ∞ → ℓ∞ → 0 shows that Ext
2(·,B∗∗) = 0. To prove that
Ext2(·,B) 6= 0, consider the element
0 −−−→ B −−−→ ℓ∞ −−−→ ℓ∞/B −−−→ ℓ∞(Γ) −−−→ ℓ∞(Γ)/(ℓ∞/B) −−−→ 0
which is not 0 since otherwise ℓ∞/B would be a complemented subspace ℓ∞(Γ), hence
injective, which is not: since B is a subspace of c0 it contains c0 complemented, and
thus B = c0 ⊕ B. On the other hand, a separable space embeds into ℓ∞ in a unique
form [29] (see also [11]); thus ℓ∞/B = ℓ∞/c0 ⊕ ℓ∞/B, and since ℓ∞/c0 is not injective
[1], ℓ∞/B cannot be injective either. 
We pass now to new, maybe unexpected, results. Palamodov’s Problem 6 in [35]
asks: Is Ext2(·, E) = 0 for any Fre´chet space? A solution for Palamodov’s problem
was provided by Wengenroth in [41]. A more concrete one in the domain of Banach
spaces appears in [9]. The question of whether Ext2(ℓ2, ℓ2) = 0 was posed in [7] and
[9], and has been recently solved in the negative [6]. We have:
Theorem 5.2.
(1) Ext2(X,X) 6= 0 for every superreflexive Banach space.
(2) Whenever one has a couple X, Y of Banach spaces for which Extn(X, Y ) 6= 0
then also
Extn(X ⊕ Y,X ⊕ Y ) 6= 0.
(3) If (Fn) denotes a sequence of finite dimensional spaces which is dense in the
Banach-Mazur distance in the space of all finite dimensional spaces and c∞ =
c0(Fn) then
Ext2(c∞, c∞) 6= 0.
(4) There exist both L1 and L∞ spaces X for which Ext
2(X,X) 6= 0.
(5) Under CH, Ext2(c0(Γ), c0), Ext
2(ℓ∞, c0) and Ext
2(ℓ∞/c0, c0) are not 0.
(6) Under CH, let 0 → Y → X1 → X0 → 0 be an exact sequence with Y separable
and X0 ∈ {c0(Γ), ℓ∞, ℓ∞/c0 and let for each k ∈ N, an exact sequence 0→ Y →
Xk+1 → Xk → 0. Then Ext
2(Xk, c0) 6= 0 for all k ∈ N.
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(7) Under CH, let 0 → Y → X1 → X0 → 0 be an exact sequence with Y separable
and X0 ∈ {c0(Γ), ℓ∞, ℓ∞/c0 and let for each k ∈ N, an exact sequence 0→ Y →
Xk+1 → Xk → 0. Then Ext
2(c0, Xk) 6= 0 for all k ∈ N.
Proof. The first assertion is in [6]. The second assertion is simple: if the element is 0
then ℓ2 will be complemented in L1, which is false. In the second case simply because
ℓ∞ is injective. The second assertion is simple: if an element
0 −−−→ Y −−−→ E1 −−−→ . . . −−−→ En −−−→ X −−−→ 0
is not 0 then
0 −−−→ Y ⊕X −−−→ E1 ⊕X −−−→ . . . −−−→ Y ⊕En −−−→ Y ⊕X −−−→ 0
cannot be 0 either. To prove assertion (3) observe that by local theory of Banach
spaces and exact sequences there are nontrivial sequences
0 −−−→ c0(ℓ
n
2 ) −−−→ c0(ℓ
n
2 ⊕Ωn ℓ
n
2 ) −−−→ c0(ℓ
n
2 ) −−−→ 0
so pick the non-zero element
0 −−−→ c0(Gn) −−−→ c0(ℓ
2n
∞ ) −−−→ c0(ℓ
n
2) −−−→ c0(ℓ
n
2 ⊕Ωn ℓ
n
2) −−−→ c0(ℓ
n
2 ) −−−→ 0
Multiplying judiciously on the left and on the right one gets a non-zero element
0 −−−→ c∞ −−−→ c0(An) −−−→ c0(ℓ
n
2 ) −−−→ c0(Bn) −−−→ c∞ −−−→ 0
Assertion (4) follows the idea for (2): in the case of L∞-spaces, one passes from the
nonzero element
0 −−−→ c0 −−−→ ℓ∞ −−−→ ℓ∞/c0 −−−→ ℓ∞(Γ) −−−→ ℓ∞(Γ)/(ℓ∞/c0) −−−→ 0
to Ext2(c0 ⊕ ℓ∞(Γ)/(ℓ∞/c0), c0 ⊕ ℓ∞(Γ)/(ℓ∞/c0) 6= 0. In the case of L1-spaces one
passes from
0 −−−→ κ2(L1) −−−→ ℓ1 −−−→ κ(L1) −−−→ ℓ1 −−−→ L1 −−−→ 0
to Ext2(κ2(L1)⊕ L1, κ
2(L1)⊕ L1) 6= 0.
Assertion (5) follows from [2, Theorem 1] where it has been shown that, under CH,
none of the spaces Ext(c0(Γ), c0), Ext(ℓ∞, c0) or Ext(ℓ∞/c0, c0) vanish. Assertions (6)
and (7) follow from the homology sequences: Let 0 → Y → X → Z → 0 be an exact
sequence and let E be a Banach space.
(◮) If Ext(Y,E) = 0 = Ext2(Y,E) then Ext2(Z,E) = Ext2(X,E).
(◭) If Ext(E,Z) = Ext2(E,Z) = 0 6= Ext2(E, Y ) then Ext2(E,X) 6= 0.
Set now E separable and use Theorem 5.1, the result (5), plus the fact that the three
concrete spaces considered are separably injective. 
Assertion (5) contains a difficult point inside: Is Ext2(c0(ℵ1), c0) = 0? On one hand,
Ext(c0(ℵ1), c0) 6= 0 in ZF as it is witnessed by the well-known nontrivial exact sequence,
0 → c0 → C(∆M) → c0(ℵ1) → 0 in which C(∆M ) is the subspace of ℓ∞ generated
by the characteristic functions of singletons in N and of an almost disjoint family of
cardinality ℵ1 of infinite subsets of N. Also, Ext(c0, c0) = 0 = Ext
2(c0, c0). On the
other hand, Ext2(C(∆M), c0) = Ext
2(c0(ℵ1), c0). And while Ext
2(c0(ℵ1), c0) 6= 0 in
CH, there is currently no valid proof in ZF. Finally, under [MA + ℵ1 < c] one has
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Ext(C(∆M), c0) = 0 [32], which opens the door to believe that also Ext
2(C(∆M), c0) =
0 in this axiomatic, and consequently Ext2(c0(ℵ1), c0) = 0 in this axiomatic.
It follows from (1) that Ext2(L1/ℓ2, ℓ2) 6= 0; and, analogously:
Corollary 5.1. Ext2(L1/ℓp, ℓp) 6= 0 6= Ext
2(ℓp, κ(ℓp)) for every 1 < p <∞.
Applying the homology sequence to 0 → ℓp → L1 → L1/ℓp → 0 with (L1/ℓp)
∗ as
target space one gets
Corollary 5.2. Ext3(L1/ℓp, (L1/ℓp)
∗) 6= 0 for every 1 < p ≤ 2.
6. Homological dimension of Banach spaces
The homological dimension/codimension of modules and algebras is a classical topic
[31, Chapter 7], [17, III.6], [18, III.5]. In Banach spaces, however, the problem
has only been considered, to the best of our knowledge, by Wodzicki [42]. The
homological or projective dimension h(X) of a Banach space X is the smallest n
for which Extn+1(X, ·) = 0; analogously, the cohomological or injective dimension
ch(X) is is the smallest n for which Extn+1(·, X) = 0. Equivalently, the homological
(resp,.cohomological) dimension of X is the smallest n so that κn(X) = ℓ1(Γ) (resp.
cκn(X) is injective). Wodzicki states in [42] what essentially everything currently
known about this problem:
• It is known that the homological dimension can take the values 0, 1 and ∞.
• h(ℓ1(Γ)) = 0.
• h(B∗) = 1 and ch(B∗∗) = 1 < ch(B) for Bourgain’s space B, according to
Proposition 5.1
• h(L1) =∞ for every L1 space not isomorphic to ℓ1(Γ) according to a result of
Lindenstrauss [27]
One has:
Theorem 6.1.
(a) The homological and cohomological dimension of a Hilbert space is infinite.
(b) The homological and cohomological dimension of the Kadets- Pe lczynn´ski-
Wojtasczyk universal space is infinite.
Proof. We prove (a). Consider a projective representation of ℓ2.
(2) 0 −−−→ κn(ℓ2) −−−→ ℓ1 −−−→ · · · −−−→ κ(ℓ2) −−−→ ℓ1 −−−→ ℓ2 −−−→ 0
This sequence is not trivial by a combination of facts:
• For every n ∈ N the space κn(ℓ2) is complemented in its bidual. Since κ
n(ℓ2)
has RNP, as every subspace of ℓ1, apply [11, Proposition 4.1] inductively.
• κ(ℓ2) is not a L1-space: otherwise, every operator κ(ℓ2) → ℓ2 would be 2-
summing [14] and it could be therefore extended to the whole ℓ1, which imme-
diately would imply Ext(ℓ2, ℓ2) = 0; which is false [15, 22].
• For every n ∈ N the space κn(ℓ2) is not an L1-space either. Otherwise, assume
that κn+1(ℓ2) is an L1-space: Lindenstrauss lifting principle [26] implies that
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Ext(κn(ℓ2), κ
n+1(ℓ2)) = 0 and therefore κ
n(ℓ2) would be a complemented sub-
space of ℓ1, hence ℓ1. Move inductively backwards to get that κ(ℓ2) should be
ℓ1, which is impossible.
This already shows that the homological dimension of ℓ2 is infinite. The cohomological
dimension must also be infinite: recall that a Banach space is an L1 space if and only
if its dual is an L∞-space, and cκ
n(ℓ2) = κ
n(ℓ2)
∗.
Observe that we have proved, moreover, that
Extn+1(ℓ2, κ
n+1(ℓ2)) = Ext(κ
n(ℓ2), κ
n+1(ℓ2)) 6= 0,
which, in particular, implies that the sequence (2) is not trivial.
We prove (b). Let K be the Kadets- Pe lczynn´ski-Wojtasczyk universal space [20, 37,
38]. This is a separable Banach space with he property that every separable Banach
space with the Bounded Approximation Property (BAP) is complemented in K. Now,
observe that all the spaces κn(X) have the BAP by either [30] or, more generally,
[12]; therefore, all spaces κn(X) are complemented in K. Pick now the element (2).
Since K = κn(ℓ2) ⊕ K, multiplying adequately on the left and on the right one gets
Extn(K,K) 6= 0; more yet, this nontrivial element can be chosen with the form
0 −−−→ K −−−→ K −−−→ · · · −−−→ K −−−→ K −−−→ 0

Observe the subtle difference between the result for Hilbert and for Kadets space:
in the last case, we have shown that Extn(K,K) 6= 0 for all n which implies that
h(K) ≥ n for all n. In the Hilbert case, we only know that h(ℓ2) ≥ n for all n, but this
is not enough to obtain Extn(ℓ2, ℓ2) 6= 0. This is a still open problem, for which only
Ext2(ℓ2, ℓ2) 6= 0 is known. From the previous argument and the one used in Proposition
5.1 we get:
Corollary 6.1. Let X be a Banach space.
(1) If X 6= ℓ1 has the Radon Nikodym Property and is complemented in its bidual
then h(X) =∞.
(2) If X is separable and contains c0 then ch(X) > 1.
A few more cases can be deduced from the inequalities [18, p.162]: given an exact
sequence 0→ Y → X → Z → 0 one has
h(X) ≤ max{h(Y ), h(Z)}
h(Y ) ≤ max{h(X), h(Z)− 1}
h(Z) ≤ max{h(X), h(Y ) + 1}
7. Banach and quasi-Banach categories in interaction
A subtler question to be considered is the way in which the categories B and Q
interact. The core problem is that it is perfectly possible to have two Banach spaces
X,Z so that ExtB(Z,X) = 0 while ExtQ(Z,X) 6= 0; which means that every exact
sequence 0 → X → Y → Z → 0 in which Y is a Banach space splits, although
there exist nontrivial sequences when Y is only a quasi-Banach space. For instance,
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ExtB(ℓ1,R) = 0 6= ExtQ(ℓ1,R). The difference between Ext
2
B(Z,X) and Ext
2
Q(Z,X)
should therefore be considered. We have
Proposition 7.1. Ext2B(C[0, 1]/ℓ1,R) = 0 6= Ext
2
Q(C[0, 1]/ℓ1,R).
The first step in the proof is the following general lemma. Here Ext means still ExtB.
Lemma 7.1. Let P be a class of Banach spaces, let P− be the property Ext(·,P) = 0
and let P+ be the property Ext(P, ·) = 0.
(1) If there is an exact sequence 0 → X → Y → Z → 0 in which X /∈ P− while
Z, Y ∈ P− then Ext(Z,P) = 0 6= Ext2(Z,P).
(2) If there is an exact sequence 0 → X → Y → Z → 0 in which Z /∈ P+ while
X, Y ∈ P+ then Ext(P, X) = 0 6= Ext2(P, X).
Proof. We prove the first assertion, and the other is analogous. Pick P ∈ P so that
Ext(Z, P ) 6= 0 and recall that Ext(Y, P ) = 0 = Ext(X,P ). Applying homology with
the second variable fixed at P to the sequence 0 → Y → Z → X → 0 one gets the
exact sequence
Ext(Z, P ) −−−→ Ext(Y, P ) −−−→ Ext(X,P ) −−−→ Ext2(Z, P ) −−−→ · · ·
Namely
0 −−−→ 0 −−−→ Ext(X,P ) −−−→ Ext2(Z, P ) · · ·
in which the last map is injective, and since Ext(X,P ) 6= 0 then Ext2(Z, P ) 6= 0. 
Now choose P = {R} and recall that a (quasi-)Banach space X is said to be a K-
space if and only if ExtQ(X,R) = 0. A classical result of Dierolf [13] shows that X
is a K-space if and only if ExtQ(X, ·) = ExtB(X, ·). It is well-known that ℓ1 is not a
K-space because there exists nontrivial exact sequences 0 → R → α → ℓ1 → 0. On
the other hand, C[0, 1] and as well as C[0, 1]/ℓ1 are K-spaces by [24, Theorem 6.5].
Therefore the 2-exact sequence
0 −−−→ R −−−→ α −−−→ ℓ1 −−−→ C[0, 1] −−−→ C[0, 1]/ℓ1 −−−→ 0
cannot be trivial; otherwise, by Theorem 2.1, there would be a commutative diagram
0 0


y


y
R R


y


y
0 −−−→ α −−−→  −−−→ C[0, 1]/ℓ1 −−−→ 0


y


y
∥
∥
∥
0 −−−→ ℓ1 −−−→ C[0, 1] −−−→ C[0, 1]/ℓ1 −−−→ 0


y


y
0 0
from which it follows that  is a Banach space as well as α, which is impossible. We
have therefore proved that Ext2Q(C[0, 1]/ℓ1,R) 6= 0, as Proposition 7.1 claims.
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Appendix. Pull-back and push-out in Banach spaces. Given operators α : Y →
A and β : Y → B between Banach spaces, the associated push-out diagram is
(3)
Y
α
−−−→ A
β


y


yβ
B −−−→
α
PO
The push-out space PO = PO(α, β) in the quotient of the direct sum A ⊕1 B by the
closure of the subspace ∆ = {(αy,−βy) : y ∈ Y }. The map α is the composition of
the inclusion of B into A⊕1 B and the natural quotient map A⊕1 B → (A⊕1 B)/∆,
so that α(b) = (0, b) + ∆ and, analogously, β(a) = (a, 0) + ∆. All this make (3) a
commutative diagram: βα = αβ.
The pull-back construction is the dual of that of push-out in the sense of categories,
that is, “reversing arrows”. Indeed, let α : A→ Z and β : B → Z be operators acting
between Banach spaces. The associated pull-back diagram is
(4)
B
β
−−−→ Z
α
x


x

α
PB −−−→
β
A
The pull-back space is PB = PB(α, β) = {(b, a) ∈ B ⊕∞ A : β(b) = α(a)}. The arrows
after primes are the restriction of the projections onto the corresponding factor. In
general, given an n-exact sequence E
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En −−−→ X −−−→ 0 ≡ E
and a operator γ : Y → Y ′ then the push-out γE is the lower n-exact sequence in the
diagram
0 −−−→ Y −−−→ E1 −−−→ E2 −−−→ · · · −−−→ En −−−→ X −−−→ 0 ≡ E
γ


y


y
∥
∥
∥
∥
∥
∥
∥
∥
∥
0 −−−→ Y ′ −−−→ PO −−−→ E2 −−−→ · · · −−−→ En −−−→ X −−−→ 0 ≡ γE
For an operator δ : X ′ → X the pull-back Eδ is the lower n-exact sequence in the
diagram
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En−1 −−−→ En −−−→ X −−−→ 0 ≡ E
∥
∥
∥
∥
∥
∥
∥
∥
∥
x


x

δ
0 −−−→ Y −−−→ E1 −−−→ · · · −−−→ En−1 −−−→ PB −−−→ X
′ −−−→ 0 ≡ Eδ
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